Abstract. We study the functions D l introduced by Green, Russo, Vanhove in [18] in the context of type II superstring scattering amplitudes of 4 gravitons on a torus. In particular we describe a method to algorithmically compute the coefficients in their expansion at the cusp in terms of conical sums. We perform explicit computations for 3-graviton functions, which naturally suggest to conjecture that only single-valued multiple zeta values appear.
Introduction
The low-momentum expansion of scattering amplitudes in string theories has been considered and extensively studied since the end of the sixties, the pioneer being Veneziano and Virasoro, who studied open and closed bosonic string amplitudes ( [26] , [27] ), respectively. However, progress in this area has been fairly slow: indeed, only in the last years a fruitful interaction between physicists and mathematicians is speeding up the research and producing amazing advances.
The coefficients of the tree-level amplitude in superstring theory are in general fairly well understood, both for open and closed strings 1 , with an arbitrary number of particles (see [23] , [24] , [4] ). In particular, the coefficients are multiple zeta values for open strings and singlevalued multiple zeta values for closed strings.
For the genus 1 case the situation is much more complicated. Recently some progress has been made in the study of open string amplitudes in [2] , where very interesting results with an arbitrary number of particles are obtained. The upshot is that the amplitude can be written in terms of elliptic multiple zeta values, functions depending on τ ∈ H whose coefficients in their Fourier expansion involve multiple zeta values (see [15] , [3] ). In the closed string case, already the first physically meaningful amplitude, involving 4 particles, is far from being understood, despite the great effort spent in the last 15 years in this direction (see [19] , [18] , [20] , [14] , [17] ). Very little is known for higher genus (see [11] , [13] for genus 2 and [16] for genus 3) .
The present paper is concerned with closed strings in genus 1. Let us see how one gets the amplitude in this case. We want to study, more precisely, the low-momentum expansion of the genus 1 scattering amplitude of four gravitons in type II superstring theory. This means in particular that our strings are closed. Each graviton is labelled by its momentum p i , where p 2 i = 0 and p i = 0, and by a kinematic quantity ζ i that we do not define, since we do not need it for what follows. One can define the so called Mandelstam variables s := −(p 1 + p 2 ) 2 , t := −(p 1 + p 4 ) 2 and u := −(p 1 + p 3 ) 2 . The conditions on the momenta are then equivalent to the fact that s + t + u = 0.
The amplitude in genus 1 has the form A ζ1,ζ2,ζ3,ζ4 (s, t, u) = I(s, t, u)R ζ1,ζ2,ζ3,ζ4 ,
where R ζ1,ζ2,ζ3,ζ4 is a kinematic factor (see [18] ), and I(s, t, u) is a power series in the Mandelstam variables. I is defined to be the integral over the moduli space of elliptic curves (with respect to the appropriate hyperbolic measure) of the following function, which is itself defined as an integral:
exp( α (1) where:
• τ = τ 1 + iτ 2 ∈ H,
• we perform the integral over 3 copies of the torus (C/Λ τ ) 3 , for Λ τ = Zτ + Z,
• z, w, v represent 3 of our 4 gravitons moving on the torus (without loss of generality we can assume that the fourth is fixed and we choose it to be in the origin),
• α ′ is a physical constant (the inverse of the string tension),
• G (the propagator function) is the Green function on the torus defined as
where z = z 1 + iz 2 .
Recall that the Jacobi theta function θ 1 (z, τ ) and the Dedekind eta-function η(τ ) are defined by (1 − q n ), with q = e 2πiτ and ζ = e 2πiz .
An easy computation shows that the function G is elliptic and modular invariant with respect to the action of SL 2 (Z).
To perform the integration one can expand the exponential as a power series in α ′ s, α ′ t, α ′ u, and then one gets linear combinations of functions D l (τ ) defined for l = (l 1 , . . . , l 6 ) ∈ Z 6 ≥0 as
The properties of G imply that this integral is well defined, and that D l is a modular function. Our aim is to understand better these functions. We call l 1 + · · · + l 6 the weight of D l . It is worth mentioning that one can easily deduce a series representation of D l (see [18] ):
where the sum runs over the lattice points ω
l2 . However, in the present work we will rather use the definition of D l as an integral. Following the method of Green, Russo and Vanhove in [18] , we write
where
and B 2 is the second generalized Bernoulli polynomial, defined as B 2 (x) = B 2 (x) = x 2 − x+ 1/6 for x ∈ [0, 1] and then defined imposing B 2 (x + 1) = B 2 (x) for every x ∈ R.
Then we have proved the following:
where for every µ, ν ≥ 0
is a Laurent polynomial with coefficients a (µ,ν) j lying in the algebra of conical sums C, which will be defined in the next section, and q = e 2πiτ .
Thanks to the sum representation (2) it is easy to see that the functions D l which are irreducible, i.e. which cannot be written as products of other two D l , are the ones associated with the diagrams appearing in the following figure, where any point represents a graviton:
The 5 irreducible diagrams.
No lines between pairs of points amount to say that there are 0 propagators; to give an example, in the case of diagram (a) the associated function is D l1 := D (l1,0,0,0,0,0) , and we will speak of 2-point case because only 2 points are connected by a propagator.
After the introduction, in the next section, of single-valued multiple zeta values and conical sums, we will consider the 2-point case, the 3-point case (diagram (b)) and the 4-point case (diagrams (c), (d) and (e)) separately, and we will say something about the proof of theorem 1.1 for all of them.
2
The main consequence of this theorem is that, combining it with the results in section 2, we get a powerful tool to do explicit computations. In particular we focus on the 3-point case, where we go beyond what could be computed so far and we produce the first instances of multiple zeta values that cannot be reduced to products of simple zeta values. Moreover, we note that only single-valued multiple zeta values appear. To give an example, following the notation of theorem 1.1, we got the following Laurent polynomial in weight 7: 
Conical sums
First let us fix the notation:
Definition 2.1. We call multiple zeta values (MZVs) the real numbers given by the absolutely convergent series
where r, k 1 , . . . , k r ∈ N and k r ≥ 2. We call r the length and k := k 1 + · · · + k r the weight of the MZV. We call A the algebra spanned over Q by the MZVs.
In particular they are special values of multiple polylogarithms, which are defined for k = (k 1 , . . . , k r ) as
If one considers polylogarithms in one variable (setting z 1 = · · · = z n−1 = 1 and keeping only z n ), then one can construct their single-valued version, introduced in [5] . The values at 1 of these single valued functions are called single-valued multiple zeta values. Single-valued MZVs constitute a small subset of A, which has been introduced and studied very recently by Brown in [8] . We refer to that paper any time we will talk about them, in particular to section 7, where a basis is computed up to weight 13. Definition 2.2. Let v 1 , . . . , v m ∈ Q n , and let R + denote the non-negative real numbers. Then we say that C := R + v 1 + · · · + R + v m is a rational cone, and we denote C 0 its interior.
Definition 2.3. Let C be a rational cone in R n and let l 1 , . . . , l r be (possibly not distinct) linear forms with integer coefficients that are positive on the interior of C. If l i (x) = n j=1 a i,j x j , consider the matrix A := (a i,j ). Then for χ a finite order character of Z n we define the following series:
When this series converges we call these numbers conical sums and we define C to be the vector space generated over Q by them. Note that ζ(C, A, χ) does not depend on the order of the rows and columns of A.
One can immediately see that C is an algebra. Setting C equal to the the first quadrant in R 2 , l 1 (x) = x 1 , l 2 (x) = l 3 (x) = x 1 + x 2 , and χ identically equal to 1, we get ζ(C, A, χ) = ζ(1, 2). In the same way one gets all the MZVs, and taking non-trivial characters one gets all the other special values of polylogarithms at roots of unity.
The main reference for a systematic study of conical sums is Terasoma's paper [25] (see also [21] for a different but less general approach to their study).
Terasoma proves that any conical sum can be reduced to a linear combination of sums of the canonical form
where the coefficients a i,j ∈ Z ≥0 , and that sums of this form have the following integral representation:
where e j is the canonical j-th element of the basis of Z n and u := n j=1 e j = (1, . . . , 1) T . This means, first of all, that all conical sums are periods. Moreover, the main result of [25] is that they are linear combination of multiple polylogarithms evaluated at some roots of unity.
In particular one may be interested in understanding when a conical sum belongs to A, and this is the case in our context, because the coefficients of the amplitudes are widely expected to be MZVs. This turns out to be a complicated problem. Once we put them in the form (5), it is clear that we should consider only sums of the kind ζ(A) := ζ(A, χ 0 ), where χ 0 is the trivial character sending everything to 1.
In general, if there are coefficients in the non-negative matrix A which are bigger than 1, one cannot hope to get MZVs, because this introduces a congruence condition on the sum. For example, it is an easy exercise to show that
A natural subset that we may want to define (and that is the good set to consider in the string amplitude computations for 3 gravitons, as we will see later) is then the following:
Definition 2.4. We call (0, 1)-matrix any matrix whose entries are only zeros and ones. Then we define B as the vector space generated over Q by the ζ(A) such that A is a (0, 1)-matrix and the sum converges.
It is trivial to see that B is an algebra and that A ⊆ B.
It is actually bigger (assuming standard transcendence conjectures), because for instance one finds, using the method explained below, that x,y,z,w≥1
Using the integral representation of conical sums of the form (5) (so in particular of the numbers in B) one can try to use the Maple program HyperInt recently created by E. Panzer and explained in [22] , which is based on ideas developed by F. Brown in [9] and [6] . In some cases, HyperInt answers rewriting ζ(A) as a linear combination of multiple polylogarithms at roots of unity, and that is how we obtained the counterexample showing that B is strictly bigger than A. Unfortunately, HyperInt up to now is not able to give an answer in general, even for numbers belonging to B, for reasons that will not be discussed here. Nevertheless, one can characterize 3 a (not optimal) subset of numbers in B that will always belong to the ring A of MZVs (and can be computed algorithmically by HyperInt): Lemma 1. Let S be the set {(0, 1)-matrices such that, up to permutations of the rows, the ones are consecutive in every column}. If A ∈ S and ζ(A) converges, then ζ(A) ∈ A.
Proof. We can write the matrix with consecutive ones in every column, because interchanging rows does not change the sum. Recall the integral representation (6). In our case it reduces to
, where any factor in the denominator will actually be of the form 1 −
The result follows from theorem 8.2 of [9] , where it is proven that integrals of this kind always belong to A.
As announced above, this condition is not optimal. Of course there are sums which we do not expect in general to be multiple zeta values, for example involving coefficients bigger than 1, that reduce to MZVs by accident (using double subdivision relations introduced in [21] ):
However, there is a set of (0, 1)-matrices strictly bigger than S which gives only MZVs, an example being
x,y,z≥1
which can be easily proven by partial fraction decomposition to belong to A (it is equal to 6ζ(1, 1, 2)) even though its associated matrix is not in S.
An optimal characterisation of the conical sums belonging to A will be the subject of a forthcoming joint work with C. Dupont.
The 2-point case
When only two gravitons are involved, with l propagators between them (diagram (a)), the functions to compute are given by:
The behaviour of this integral as τ 2 tends to infinity was already studied in [18] . Using the same ideas we generalize that result giving the following expansion of the functions D l 's, which is of course a special case of theorem 1.1:
is a Laurent polynomial with coefficients a (µ,ν) j ∈ C and q = e 2πiτ .
Proof. Using (3) and setting x := z 2 /τ 2 , we want to compute
where, for any v ∈ Z m and for any a ∈ Z, δ a (v) = 1 if the sum of the coordinates is a, and is zero otherwise. Moreover, x · y denotes the standard inner product of R m . In the interval [0, 1],
Therefore we have
To compute the last integral, let us fix n 1 , . . . , n m . Since x ∈ [0, 1] we have
By repeated integration by parts one easily finds that for any
is the descending Pochhammer symbol. In our case β = 2πτ 2 sgn(−n i )|k i |, c = 1 and M = 2a + b. Note that sgn(−n i )|k i | can be equal to zero. If it is not zero, since |n i | + sgn(−n i ) = |n i − 1|, by (10) we get, as a result of the integral,
while if sgn(−n i )|k i | = 0 then we just get
In both cases, once we fix n 1 , . . . , n m and k 1 , . . . , k m , putting everything together we are left with an expression of the kind
where p = k i n i ∈ Z, q is a non-negative integer equal to either |k i ||n i − 1| or |k i ||n i |, and c (p,q) (πτ 2 ) is a Laurent polynomial with rational (explicitly determined) coefficients whose maximum power is l and minimum power is 1 − l.
Note that e 2πipτ1 e −2πqτ2 = q µ q ν , with µ = (q + p)/2 and ν = (q − p)/2. Therefore we would like to show that q ≥ |p| and that p ≡ 2 q in order to have that µ and ν are non-negative integers. If q = |k i ||n i | the claim is trivial, so we have to take care only of the case q = |k i ||n i − 1|.
Note that
To conclude our proof we have to analyse more carefully the rational coefficients ofc (µ,ν) (πτ 2 ), which are obtained by the c (p,q) (πτ 2 )'s. Any fixed q = |k i ||n i − ε| (ε = 0, 1) can be obtained with just finitely many m-tuples (n 1 , . . . , n m ), because |n i − ε| ≤ q for any i: otherwise, since for every i |k i | ≥ 1, we would have
This means that for any (µ, ν), which is uniquely determined by a couple (p, q), one has to consider a finite rational linear combination of sums of the kind
where k ∈ Z m 0 are such that sgn(−n i )|k i | = 0 and α is a positive integer. Note that the function T only depends on n i /|n i |.
Since we can split the sum defining T as a sum over cones such that the forms in the denominator are either bigger or smaller than zero, it follows that our coefficients are linear combinations of conical sums.
Specializing carefully this computation to the (p, q) = (0, 0) case, one gets the result already found in [18] :
n is the classical Gauss hypergeometric function and S(m, α) := T (m, (1, . . . , 1), α).
Proof. Note that since q = |k i ||n i − ε| with ε = 0 or 1 the only possible m-tuples (n 1 , . . . , n m ) which can give q = 0 are (0, . . . , 0) and (1, . . . 1), and with them also p = 0, because k i = 0. Using this and looking carefully 4 at the proof of the previous theorem one is then lead to the formula above, except perhaps for the hypergeometric coefficient of the leading term, which is a bit fancier than what one obtains with the integration process described in the proof, and can be deduced by making use of the identity
easily obtained by partial fraction decomposition.
The function S(m, α) was proven by D. Zagier in [28] to be equal to an explicit linear combination of MZVs, allowing to algorithmically compute in terms of MZVs the non-exponentially small part of D l .
Noting a few mistakes in the data given in [18] , the coefficients of these Laurent polynomials always happen to be polynomials in simple odd zeta-values, as it is also the case in the computation of the coefficients of the genus zero 4-point amplitude (see [1] ). This is not surprising: one can think of the limit when τ 2 is big as a degeneracy of the torus with 2 marked points to a sphere with 4 marked points, and Zagier recently managed, finding a way to write the coefficients of d l in terms of the coefficients of the 4-point amplitude in genus zero, to prove the following [Zagier, unpublished] :
For all integers l the Laurent polynomial d l (πτ 2 ) has coefficients belonging to the polynomial ring generated over Q by the simple odd zeta values ζ(2n + 1).
Unfortunately, knowing d l is not enough to perform the integration over the moduli space of complex tori, so one would like to understand better the behaviour of the functions D l . This can be achieved by looking at the more general theorem 3.1, because it allows us to predict other coefficients of the expansion (7).
To make an example, let us recall that the non-holomorphic Eisenstein series are defined, for s ∈ C with ℜ(s) > 1 and τ ∈ H, by
We actually want to consider the modified function
It is a real analytic function, modular invariant with respect to the action of SL 2 (Z). If we suppose that s = n ∈ N, n ≥ 2, its explicit expansion at the cusp is given, setting y = πτ 2 , by
where B n is the n-th Bernoulli number, and σ k (N ) = d|N d k is a finite power sum running over the positive divisors of N .
Using the series representations (2) for D l (τ ) and (11) 
Using the intermediate step (9) in the proof of the theorem, for m = 0 we get (1/16)(y 2 /45), which is the leading term of the non-exponential part, for m = 1 we get 0, and for m = 2 (so a = b = c = 0) we get 1 16 k∈Z\{0} n∈Z
where we denote p = k(n 1 − n 2 ). When p = 0, i.e. when q and q have the same power in the expansion given by the theorem, then n 1 = n 2 , which implies that the argument of the exponential in the integral is never zero. Therefore, splitting the sum into the n ≥ 1 part and the n ≤ 0 part, one gets 2 telescoping sums, both giving as a result
We conclude that the variable τ 1 does not appear only in the non-exponentially small part of D 2 (τ ), which is the Laurent polynomial d 2 (y) = (y 2 /45 + ζ(3)/y)/16. This fits with the expansion of E ′ 2 (τ ). Moreover, if p > 0 one gets again telescoping sums in n, but now we sum only over finitely many k, which are the divisors of p. We leave as an exercise to the reader to verify that one gets exactly the same expansion as we get for the non-holomorphic Eisenstein series.
In general it is too messy to repeat the same game as above and explicitly get the full expansion for other D l 's, except maybe for D 3 (τ ), which is already known to be equal to E ′ 3 (τ ) + ζ(3) (Zagier, unpublished. Recently an alternative simpler proof was given in [14] ). It is possible, however, to algorithmically get the coefficient of q µ q ν for any fixed (µ, ν), which in principle allows to check conjectures on the full expansion or to numerically approximate the functions very precisely (the sum (7) converges much faster than the sum (2)).
The 3-point case
When three particles are involved the only new irreducible diagram that we have to consider is diagram (b), with all l i 's strictly positive, whose associated D l reads:
where the integration is performed over 2 copies of the torus associated with the lattice Λ τ . We now give the proof of theorem 1.1 also for this case, because it helps to understand how to explicitly get the coefficients. Since the ideas used here are exactly the same as in the previous section, and the notation gets much heavier, we will give less details. It is however important to understand how the generalization to this case exploits the same ideas used for 2 particles, because in the next section we will give only a sketch of the proof in the general case, assuming that one has already understood how to take care of the missing details.
Theorem 4.1. For every l = (l 1 , l 2 , l 3 ) we have
Proof. Let us introduce the following notations:
Using (8) we have
where the sum runs over (k,
and (n, p, q) ∈ Z m1 × Z m2 × Z m3 . Then we need to calculate, for any fixed r, m, (k, h, t) and (n, p, q),
Since Since the integral that are left to compute are completely specular, let us describe just the result of the first one. After using the binomial theorem on (x − y) 2a3+b3 , we get a Q-linear combination of integrals of the kind Now, as in the 2-point case, we use integration by parts and finally get a linear combination of 1, e −(γ+δ) and e −γ , with coefficients that are products of polynomials in δ −1 and (γ + δ) −1 with rational coefficients (with some obvious modifications in case γ and/or δ are zero). We do not give the exact formula here, for reasons of space, except for the special case of the non-exponentially small term, which we describe in the next corollary. However, it is easy to see, going through the computation, that for any fixed (k, h, t) and (n, p, q) we get a term of the kind c (p,q) (πτ 2 )e 2πipτ1 e −2πqτ2 , where p =
is a Laurent polynomial with rational (explicitly determined) coefficients, whose maximum power is l 1 + l 2 + l 3 and minimum power is 1
For all the possible ϑ we can apply the method described in the 2-point case to prove that q ≥ |p| and that p ≡ 2 q. Moreover, again one can prove that for any (µ, ν) only finitely many (n, p, q) are allowed, and the coefficients of the Laurent polynomials belong to C (and are very explicitly determined).
In particular one can deduce the following (already found in [18] ):
) and the three contributions are defined as follows:
is the contribution for m 1 = m 2 = m 3 = 0, where λ :
is the contribution when at least 2 of the m i 's are > 0, with B and d C is zero, we assume that the other m i 's are ≥ 2, otherwise it is easy to see that the contribution given is zero.
Note that we are computing the non-exponentially small term without dividing it by 4 l , in order to have neater results afterwards. This does not change the proof, but may generate some confusion concerning the resulting expression.
Sketch of the proof. It is convenient to consider as separated cases: the one with all the m i 's equal zero; the one with 2 of the m i 's equal zero and one bigger than 1 (it cannot be equal to one!); the one with one of the m i 's equal zero and 2 bigger than 1; the one with all of them bigger than zero. The last case is the most complicated (and it gives the same result as the case when only one is zero); we briefly describe how to treat it, and the same argument can be applied to the other cases.
Following the proof of the theorem above one arrives at the point (13) , and then should take into account only the (n, p, q) leading to non-exponentially small terms. These are (0, 0, 0), (1, 0, 1) and (1, 1, 0) for the first integral, (1, 1, 0), (0, 1, −1) and (0, 0, 0) for the second integral. By substituting x = 1 − x and y = 1 − y in the second integral one gets just 2 copies of the 3 possible cases for the first integral. We call the first one d Evaluating by hands the functions R(m 1 , m 2 , m 3 ; α, β) in terms of MZVs, one is able to find for the lower weights: These are all the possible cases up to weight 5. The same result was found in [14] , noting some mistakes in [18] .
Note that until this weight the coefficients of the Laurent polynomials are MZVs, but in the literature it is not proven yet that this will happen in any weight. Moreover let us remark that they are MZVs of a very particular kind: they are always polynomials in simple odd zeta values, as well as it happens (and is proven to be so in any weight by theorem 3.2) in the 2-point case.
What we are now able to say is that, using theorem 4.1 and Terasoma's result, they have to be special values at roots of unity of multiple polylogarithms.
For higher weights the sums R(m 1 , m 2 , m 3 ; α, β) look impossible to be evaluated by hands, hence no other d l was known so far.
Since we have seen that the coefficients are conical sums, one can hope to use HyperInt if the cones and the matrices involved are simple enough. This turns out to be the case with 3 particles, because of the following theorem: Theorem 4.2. For all l 1 , l 2 , l 3 ∈ N the coefficients of d l1,l2,l3 (y) belong to the algebra B.
The proof of this theorem is constructive, and gives an actual formula to compute the coefficients, but the formula itself is very long and complicated. It can be found in the Appendix (see equations 15,...,23), together with the proof.
Thus one gets an algorithm which will certainly compute the coefficients of d l in terms of MZVs for any l such that only matrices lying in S are involved. For example all the d l of weight 6 satisfy this condition, after some partial fraction decomposition on the conical sums, but not all the weight 7: we will come back to this later. Moreover, as remarked before, the algorithm will produce an answer, either in terms of MZVs or alternating sums, for many more (0, 1)-matrices than just the ones in S.
Here come the new data obtained so far with this method (we set again y := πτ 2 ): (9) 
where a cannot be determined because of current limits of HyperInt, and Starting from weight 7, we can see something new and very interesting happening to the coefficients: not only polynomials in odd simple zeta values are involved. For example the coefficient of y −4 in d 1,1,5 (y) contains ζ(3, 5, 3) and ζ(3)ζ(3, 5), which are not reducible to polynomials in odd zetas. The fundamental remark is that they are still very special, because that coefficient can be written as the following linear combination of single-valued multiple zeta values:
This actually happens to all of the coefficients in the polynomials above (products of odd zeta values are already single-valued MZVs), the most astonishing case being the coefficient of y 
This means that a multiple zeta value a priori belonging to a vector space of dimension 16 actually belongs to the subspace of dimension 5 of single-valued MZVs, which looks much more than a coincidence. Let us now draw a parallel between our setting and the closed strings tree-level: when the genus is zero, in the most trivial case (4 particles) only odd zetas appear, but going to the next case (5 particles) in general one finds also MZVs of bigger length, and the coefficients belong to the algebra of single valued MZVs. Therefore we conclude that it is not too optimistic to conjecture that the coefficients are given by single valued MZVs only, after such a little evidence. Arguments supporting this conjecture, based on the structure of the one-loop string amplitude, are given in the forthcoming paper [12] .
We conclude this section by observing that, unfortunately, the matrices appearing do not always belong to S, even after performing standard manipulations like partial fractioning, and sometimes they produce polylogarithms at higher roots of unity. This happens, for instance, in the computation of R (3, 3, 1; 1, 1) . However, in this case we only get alternating sums, which are good enough to be computed by HyperInt, and in the end all the non-MZV part of R (3, 3, 1; 1, 1 ) cancels out.
It is actually very tempting to conjecture that the numbers R(m 1 , m 2 , m 3 ; α, β) themselves always lie in A (but they are not single-valued), since our data confirm it so far, however we do not have any other argument this time to support this evidence.
A very partial result in the direction of proving the conjectures above is the following:
Theorem 4.3. For any n ∈ N the coefficients of d 1,1,n (τ ) are linear combination of conical sums whose matrices belong to S, so in particular they are (algorithmically) Q-linear combinations of multiple zeta values.
Proof. The proof uses the explicit formula given in the Appendix for the numbers R in terms of elements of B. The only R's involved are of the kind R(1, 1, j; α, β), R(1, j, 1; α, β) and R(j, 1, 1; α, β), with j ≤ n and some α, β. Note that R(1, j, 1; α, β) = R(1, 1, j; β, α) and R(j, 1, 1; α, β) = R(1, 1, j; 0, α + β), so it is enough to study R(1, 1, j; α, β). Only the sums (16) and (19) are contributing to this R, but the sum (16) is easily seen to be contained in A, so we have to study (19) only, which in our case is particularly simple (assume j ≥ 2, otherwise (16) suffices):
Following the stuffle procedures described in the Appendix one is left with a linear combination of sums in B with associated matrices of the kind
where A is a matrix with rows given either by consecutive ones or by consecutive zeros (this comes from the stuffle). Since interchanging the rows does not change the conical sum, we can rewrite the matrix as
where B and C are matrices with, from left to right, a string of ones followed by a string of zeros in every row, such that the length of the string of ones increases in B with the increase of the row's index and decreases in C. At this point we almost have a matrix belonging to S, the only problem being the row in the middle of the form r = 1, . . . , 1, 0, . . . , 0, 1. Note now that a partial fraction operation on the sum of the kind
is reflected on the matrix just by substituting the i-th or the j-th row by the sum of the 2. Hence if we do this sum operation on r together with the row immediately below we get the sum of 2 matrices, one belonging to S (when r is deleted) and one such that the sub-matrix below r is strictly smaller (after interchanging r with the new row obtained as a sum). Iterating this process one finally gets that r is the last row in the matrix, and in this case the matrix belongs to S and we are done.
The 4-point case
In this section we will briefly explain why the techniques seen in details in the previous sections allow us to prove theorem 1.1 in its more general statement, with 4 gravitons interacting on a torus.
Proof of theorem 1.1 (sketch). The most difficult part of proving this result, after having proved the 2-point case and 3-point case, is probably to find an acceptable notation. Recall that we are dealing with the integral
where x = z 2 /τ 2 , y = w 2 /τ 2 and u = v 2 /τ 2 . The integration over τ 1 gives
where the sum runs over k (j) ∈ Z mj 0 and n (j) ∈ Z mj for j = 1, . . . , 6. Let us call I the integral appearing in the last step. We have
where the P i is the path 0 
i )|k (6) i |), and e −(γ1+γ2+γ3) . Multiplying them by the exponential in front of the integral in formula (14) tell us what are all the possible integers q in the terms of the kind e −2πqτ2 . It is not difficult to see that the argument used in the 2-point case works for all of these q's, and that nothing new happens to the Laurent polynomials involved and to their coefficients, which are therefore expressible as conical sums.
We do not write down here an explicit formula for the Laurent polynomial part of the functions D l (τ ), because it is really complicated and does not really allow one to work with it. Indeed, the same method explained in the previous section to explicitly write down the conical sums as integrals produces, in the 4-point case, matrices with coefficients strictly bigger than 1, whose computation in terms of special values of polylogarithms goes beyond the nowadays limits of HyperInt. 
where the sum
q Q > 0 and over all the γ i , δ i and ε i belonging to {1, 2}.
Comparing the coefficients we get
where ′′ runs over all the N, P, Q, and over all the γ i , δ i and ε i belonging to {1, 2} such that l1,l2,l3≥1
Therefore we find the generating function 2 α+β m1,m2,m3≥0
X+l1+a−1 l1+a
X+l1−1 l1
Z+l3+a−1 l3+a
Z+l3−1 l3
X+a−1 a
X+a−1 a Y +a−1 a
Z+l3+a−1 l3+a
Y +a−1 a Z+l3+a−1 l3+a
The idea is to apply to all these sums the same method shown for R 0 (m 1 , m 2 , m 3 ; α, β). Just to fix the notation, we write down explicitly what happens with the last and most complicated sum:
l1,l2,l3,a≥1
Z+l3−1 l3 From this formula it is not clear yet whether these numbers are in B, so one needs to quasi-shuffle, or stuffle, some groups of variables.
In (16) one has to stuffle the 3 groups of ordered variables n i , p i , q i ; then setting a > max{n 1 , p 1 , q 1 } we directly get MZV. In (17) one has to stuffle the 2 groups of ordered variables p i , q i and the 2 groups of ordered variables n i and l Furthermore, if we stuffle the groups of ordered variables y M > · · · > y 1 > 0 and x N − x i > · · · > x i+1 − x i > 0, then we get numbers in B.
The same reasoning works with some obvious modification for all the other sums, and this proves our assertion.
